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We study fibred knots by computing invariant laminations of the monodromy of the fibration 
and then computing the degeneracy type of the knot. We show that nontrivial surgery on a 
nontorus fibred 2.bridge knot yields a manifold whose universal cover is Iw’. 
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Let k be a fibred knot in S3 with fibre F and monodromy h : F + F. We begin a 
study of fibred knots by first computing the invariant lamination A ’ of h and then 
computing an invariant (the degeneracy type) of the suspended lamination A. 
Depending on the degeneracy type of k, it is possible to apply recent results of 
Gabai-Oertel [7] and conclude that all nontrivial surgeries on the knot produce 
manifolds whose universal cover is R3. The program is carried out in this paper for 
the class of nontorus fibred 2-bridge knots. 
As an interesting sidelight, we give a construction of pseudo-Anosov maps which 
is related to a method first discovered by Thurston [15] and later generalized by 
Penner [ll]. This construction, for a particular 2-bridge knot, has been previously 
used by Bonahon in [2]. 
To define the monodromy of a fibred knot k, choose a map g : F x I + S3 - k(k) 
such that g]F x {t} is a homeomorphism for each t and g({x} x I) is a meridian in 
aN( k) for each x E dF and such that g( F x {s}) and g( F x {t}) are disjoint except 
if s = 0 or s = 1 in which case they are equal. The fibre F of k is now identified 
with F x (0) by g and the monodromy h of k is defined to be the projection onto 
F x (0) of (g[F x {l}))‘(glF x (0)). h is well defined up to isotopy rel. dF. 
Example 1. Let HR and HL denote the right and left Hopf bands respectively. The 
monodromy of the links H, and H, are respectively left and right Dehn twists, D, 
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and DR. An isotopy of an arc (Y from the positive side of H, through S3 to the 
negative side of HR is shown in Fig. 1. It is required in the definition of the 
monodromy that the endpoints of (Y follow meridian curves of the components of 
the link. 
An oriented surface R = S’, denoted R, # RI, is a Murasugi sum of compact 
oriented surfaces R, and Rz if 
(1) R = R, u RZ, 
(2) Ri c Bi, where Bi are balls such that B, n Bz = S2, B, u B, = S” and R, n S2 = 
R2nS2= D2. 
Let ki be a fibred knot with fibre F, and monodromy hi. Stallings [13] has shown 
that a( Fr # FJ fibres with fibre Fr # F2. Melvin and Morton [lo] and Gabai [4,5] 
have also shown that a(F, # F2) fibres and that the monodromy is h;& where ii is 
the extension of hi to FiP1 -F, by the identity map. We shall abuse notation a bit 
and denote this monodromy by hzh, . See Fig. 2 for the orientation conventions on 
Fl and F2. 
Proposition 2. Everyjibred 2-bridge knot k may be written as c?(X, # X, # * * * # X,,) 
where Xi is either HR or H,. The monodromy of k is then D,D,_, . . . D, where D, is 
D, (respectively DR) when Xi is HR (respectively HL). 
Proof. It is a theorem of Schubert that every 2-bridge knot may be represented as 
a( Y*# Y2# . . . # Y,) where the Y, are 2ni-twisted bands with ni # 0 as in Fig. 3. 
In [4] it is shown that a Murasugi sum fibres if and only if the summands do, 
that is a( RI # R2) is fibred with fiber R, # Rz if and only if aR, is fibered with fiber 
Right Hopf band Left Hopf band 
Fig. 1. 
Fig. 2. 
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Ri for both i = 1 and 2. It is easy to check directly by looking at the complement 
of a 2n-twisted band that it will be the fibre of a fibration if and only if n = +l. 
This proves the first statement, and the computation of the monodromy follows 
from the results in [lo] and [S] cited above. 0 
We now begin a computation of the invariant laminations of the fibred 2-bridge 
knots. Let k have fibre F = 2, #Z, # * * . # Z,,, where each 2, is the Murasugi sum 
of ji equal Hopf bands, ji > 0, and the Hopf bands in Z, have different parity from 
those in Z,,, . F may be drawn abstractly as in Fig. 4 where m =4, j, =3, j,= 3, 
j, = 2, and j, = 2. In general, F is a surface of genus l/2( j, + j,+ * * * + j,) and the 
cores of the Hopf bands correspond to the indicated curves in Fig. 4. 
In this figure there are ten curves and the monodromy is given by composing ten 
Dehn twists in order from left to right along the given curves. That is, assuming Z, 
is the sum of 3 left Hopf bands, the monodromy is given by 3 right twists followed 
by 3 left twists, then 2 right, and finally 2 to the left. 
The involution about the axis shown in Fig. 4 defines a two-fold branched covering 
4 from F to a disk D that takes the cores of the Hopf bands to arcs. A right Dehn 
twist about one of these cores covers a right arc twist about its image. To define an 
arc twist choose a regular neighborhood of the arc, think of this neighborhood as 
the disjoint union of the arc and concentric circles about the arc, then rotate the 
arc by half a rotation, and rotate the circles by between zero and half a rotation 
depending on their proximity to the arc. An arc twist is well defined up to isotopy 
preserving the endpoints of the arc. 
Continuing the example started in Fig. 4, we see that the monodromy of k covers 
the composition of ten arc twists starting from the left-most arcs and working to 
the right; see Fig. 5. Now study this homeomorphism g of D, by regarding the 
branch points of 4 as punctures. In the example it is convenient to regard g as 
L,R,L,R, where R, is a counterclockwise rotation of the first 4 punctures by d of 
a revolution, L2 rotates punctures 4 through 7 by the same amount in the opposite 
- G- 
Fig. 4. 
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Fig. 5. 
direction, R3 rotates punctures 7 through 9 by f of a rotation in the counterclockwise 
direction, etc. 
From this description of g, it is clear that for F = 2, # . . . # 2, and rn = 1, the 
monodromy is freely isotopic to a periodic map. We now assume m > 1 and start 
to describe the invariant lamination of g. Though we shall concentrate on describing 
the lamination for the example of Figs. 4 and 5, it will be clear how to generalize 
the construction. For background information on train tracks and related material 
the reader is referred to [12] and [ll]. One of these examples was also computed 
by Bonahon in [2] using similar techniques. 
The invariant train track T for g is built out of subtracks pi and Aj corresponding 
to each Ri and L, as shown in Fig. 6. Notice that Ri( pi) = pi and Lj (5 ) = (Ai ). 
When these subtracks are put together they overlap in a monogon. The resulting 
track, denoted T, is shown in Fig. 7. It now follows that g(T) is carried by T for 
Ri(7) is carried by T, Li(7) is carried by T, and g is the composition of Li’s and Ri’s. 
The same construction can be used to produce an invariant train track u for gP’. 
See Fig. 8. 
Proposition 3. For m > 1, T (respectively u) is a g (respectively gP’) invariant train 
track which contains no proper g (respectively g-‘) invariant subtracks. Furthermore 
the map induced by a g (respectively g-l) on the cone of weights W, (respectively W,) 
on T (respectively a) has no nonzero jixed points. 
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Fig. 8. 
Proof. Let A be the intersection matrix for g. A has one column for each edge of 
T. There are two types of edges of T, those that are mapped to another edge of r 
by g, and hence correspond to columns of A with a single nonzero entry equal to 
1, and edges of T that correspond to columns of A with more than one nonzero 
entry. Consider the action of A on all n-tuples of integers where n is the number 
of edges of 7. If Av = v for a vector v of positive integers, then it is easily seen that 
the coordinates of v corresponding to the columns of A with more than one nonzero 
entry are zero. 
The point is that if A has a fixed point on the positive cone of weights on 7, then 
the edges labelled 0 in Fig. 7 must have weight 0. It is now easy to show that there 
is no way to assign weights to the remaining edges of T such that the switching 
conditions are satisfied and so that various edges of 7 have equal weights when 
dictated by the action of g. It is not too hard to see that g can have no invariant 
subtracks. 0 
Proposition 4. For m > 1 and g de$ned as above, g is isotopic to a pseudo-Anosov 
homeomorphism. Furthermore, each n-gon of D - T corresponds to a disk with n cusps 
in D - A ‘, where A’ is the stable lamination of g. 
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Proof. Since W, is nontrivial and g( W,) c W,, the Brouwer fixed point theorem 
applied to W, -O/R and Proposition 3 imply that there exist g invariant measured 
laminations A ’ and A ’ whose transverse measures are respectively contracted and 
expanded by A > 1. Proposition 3 also shows that A ’ (respectively A “) is not carried 
by a subtrack of r (respectively o). An inspection of Fig. 8 shows that A ’ and A U 
intersect each other minimally (i.e., there are no portions of leaves of A ’ and A U 
that together bound a disk in D) and also that the components of D-A ’ u A U are 
either disks or annuli surrounding punctures. It follows that g is isotopic to a 
pseudo-Anosov homeomorphism and that A ’ and A U are isotopic to the stable and 
unstable geodesic laminations. 
The second part of the proposition follows from the following well-known observa- 
tion (compare [l, Fig. 5.41). If C is a complementary region of D -A ’ and a, b are 
two boundary leaves of C, then an end of a and an end of b are asymptotic if and 
only if there exists a lift C? in the universal cover such that some leaf 1 of h”” crosses 
both lifts a’ and b” of a and b. The proposition now follows from the corresponding 
statement for train routes which may in turn be seen by looking at Fig. 8 and seeing 
that every prong of r is cut by an edge of V. For more details on train routes see 
[l]. This shows that every prong of T produces a cusp in II -A ’ and hence the 
possibility of a complementary region of A .’ with a narrow neck which connects 
two prongs of 7 has been ruled out. 0 
The following definition is due to Gabai [6]. 
Definition 5. Let k be a fibred knot with fibre F, pseudo-Anosov monodromy h, 
and invariant lamination A ‘. Let f’ be an extension of A ’ to a singular foliation, 
and for each prong of A * in the same component as aF let P be the point on c?F 
that is on the leaf off” corresponding to the prong. Let h’ be the homeomorphism 
isotopic to h that preservesf”. The set of all such P is invariant under h’ and hence 
the suspension of these points by h’ yields say, n distinct (p, q) curves on aN(k). 
The degeneracy type of k, d(k) is defined to be n(p, q). 
In [6] it is shown how the degeneracy type can be defined on nonfibred knots 
and fibred knots with reducible monodromy. In particular for knots whose comple- 
ments are Seifert fibred, the degenerate slope is the restriction of a Seifert fibre to 
dN(k). 
Remark 6. The degeneracy type of a fibred knot k measures the difference between 
the monodromy h of the knot, which is defined up to isotopy relative to the boundary 
of the fibre F, and the pseudo-Anosov representative h’ of the free isotopy class of 
h. Notice that in general h may not have an invariant lamination or singular foliation, 
it must first be freely isotoped. An example of such a knot is the Fintushel-Stern 
knot (see [6]). 
The importance of the degeneracy type is in part due to the following theorem. 
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Theorem 7 (Gabai, Oertel [7]). Let (a, b) denote a simple closed curve on aN(k), 
and let ( , ) denote the intersection pairing. Zf the degeneracy type of k is n(p, q) and 
(a, b) satisfies nl((p, q), (a, b))l 2 2, then (a, 6) surgery on k will yield a manifold 
whose universal cover is R3. In particular, this surgery will yield an irreducible marCfold 
with injinite fundamental group. 
We can now state our main result. 
Theorem 8. Let k be a 2-bridge knot in S3 that has fibre F = Z, #Z, # * * * #Z,,,, 
m > 1, where each Z, is the Murasugi sum of ji Hopf bands of equal parity with ji > 0, 
and the Hopf bands in 2, have difSerent parity than those in Zi+, . The degeneracy type 
of k is 2(m - 1) times (l,O). 
Proof. The invariant train track constructed above for the action of the monodromy 
on the quotient disk has m - 1 prongs and so the lifted invariant train track will 
have 2( m - 1) prongs. The lamination constructed on D is actually invariant under 
g, that is, g does not have to be isotoped on aD. To see this it is enough to add 
arcs from dD to each of the m - 1 prongs and notice that this train track is still 
invariant under g, that is, without changing the relative isotopy class of g the image 
of the arc is carried by itself and 7. It then follows that the “suspension of the 
prongs” is a collection of meridians and hence the degeneracy type of k is 2( m - 1) 
times (l,O). 0 
Corollary 9. A 2-bridge knot k is a torus knot (in fact a (2, n)-torus knot) zfand only 
ifkfibres and m = 1. 
Proof. Torus knots k are fibred and have reducible monodromies, hence if k is also 
2-bridge, it follows that m = 1. It then follows by inspection that k is a (2, n)-torus 
knot, for some choice of n. 0 
Remark 10. This result also follows by [9] who, by classifying the incompressible 
surfaces in 2-bridge knot complements, show that only the fibred knots with m = 1 
contain essential annuli. 
An immediate consequence of Theorems 7 and 8 is 
Corollary 11. If k is a nontorus, jibred 2-bridge knot, then nontrivial surgery on k 
yields a marCfold whose universal cover is R3. 
Remark 12. For hyperbolic knots, in particular the knots considered above, Thurston 
[14] has shown that all but finitely many surgeries yield manifolds with hyperbolic 
structures, and are hence covered by R3. It is a theorem of Waldhausen [16] that if 
M’ is Haken, then the universal cover of M3 is R3. For each k as above though, 
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only finitely many surgeries can yield Haken manifolds. This can be seen as follows. 
Hatcher and Thurston [9] show that there are no closed incompressible surfaces in 
the complements of fibred 2-bridge knots, and Hatcher [8] has observed that it 
follows from the work of Floyd and Oertel [3] that there are only finitely many 
slopes corresponding to boundary components of incompressible surfaces in a knot 
complement. It follows that for each k as above, all surgeries on k, excepting possibly 
the finite number corresponding to boundary slopes, yield non-Haken irreducible 
manifolds. 
Conjecture 13. If k is a nontorusfibred alternating knot, then d(k) = n( 1,0) for some 
integer n > 1. 
It is necessary to assume that k is alternating in the above conjecture, for instance 
d(820) = (l,O). We plan to explore this in future work. 
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